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Objective
• To understand non-linear dynamics:

– Strong focusing system.

– Particle dynamics with a large momentum deviation.

– Isochronous ring.

• To control the higher order terms:
– Perturbation method has good physical insight. 

– Order by order formula is convenient for the control of higher 
order terms by the multi-pole magnet.
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Description of System
• Separate function magnets.

• Hard edge magnets.

• No vertical dispersion.

• No skew magnet.

• No solenoid field.

• Normalize momenta and fields by central momentum p0.
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Hamiltonian of Off-Momentum Particle

     H = − 1+ Kxx( ) 1+δ( )2 − px
2 − py

2 − As
⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ ,

where
     Kx : curvature,
     δ = p − p0( )/ p0 (momentum deviation), 
     px , py : normalized momenta by p0,

     normalized vector potential :

     As = 1
2

1+ Kxx( )+ gn
n + 2( )!

−1( )m n + 2
2m

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ x

n+2−2my2m ,
m=0

n /2[ ]+1
∑

n=0
∑

     g0 : quadrupole field strength, g1 :sextupole, and so on.
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Expanding Hamiltonian by Canonical Variables
     H = insignificant constant term
           − δK x x                                                                         : linear part

           + 1
2 1+ δ( )

px
2 + py

2( )+ 1
2

K x
2 + g0( )x2 − g0y2         :square part

           + 1
3!

g1 x3 − 3xy2( )+ 1
2 1+ δ( )

K x x px
2 + py

2( )             : cubic part

           + 1
4!

g2 x4 − 6x2y2 + y4( )+ 1
8 1+ δ( )3 px

2 + py
2( )2    : fourth order part

           + higher order terms.

Due to the linear part, the central orbit x = 0 is no longer 
the solution of Eq. of motion, which gives the dispersion.
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Transformation to Off-Momentum Trajectory

x = x + δη1 s( ),     px = p x + δζ1 s( ).
Generating function                   of type 2:

To eliminate the linear part, we perform the canonical trans-
formation shifting the central orbit to the off-momentum trajectory:

F2 x, p x , s( )
F2 x, p x , s( )= x − δη1 s( )[ ] p x + δζ1 s( )[ ].

( ){ } ( )[ ]
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Dispersion Equation

η1′ = ζ1,      ζ1′ = − K x
2 + g0( )η1 + Kx ,

i.e.

η1′′ + K x
2 + g0( )η1 = K x .

The condition of eliminating the first order terms in δ of the linear 
part gives the equation of the first order dispersion:

To eliminate the residual second order terms in δ of the linear part, 
we perform successive transformation:

x = x + δ2η2 s( ),      p x = p x + δ2ζ2 s( ),

which gives the equation of the second order dispersion:

η2′′ + Kx
2 + g0( )η2 = −K x + 2K x

2 + g0( )η1 − 1
2

2Kx
3 + g1( )η1

2 + 1
2

K xη1′
2

.
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Recurrent Equations for Higher Order Dispersion
Performing the multiply successive transformation:

x = ˆ x + δnηn s( )
n=1
∑ ,      px = ˆ p x + δnζn s( )

n=1
∑ ,

we get the recurrent equations for higher order dispersions:

  

η1′′ + K x
2 + g0( )η1 = K x ,

η2′′ + Kx
2 + g0( )η2 = −K x + 2K x

2 + g0( )η1 − 1
2

2K x
3 + g1( )η1

2 + 1
2

K xη1′
2

                                M

ηn′′ + Kx
2 + g0( )ηn = Ωn η1,L,ηn−1( )

Solving the recurrent equations of the dispersion order by order, 
we can obtain the higher order dispersions.
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Solving the Dispersion Equation
• Green function method

– Integrate the formal solution of the recurrent equation:

• Transfer matrix method (we adopted)
– Regarding Ωn as an effective dipole field, we solve the 

dispersion equation with the periodicity condition by means of 
the transfer matrix method.

ηn s( )=
βx s( )

2sin πν x
d ′ s Ω∫ n ′ s ( )βx ′ s ( )cos πν x − ϕx s( )− ϕx ′ s ( )[ ]
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Formula for Momentum Compaction

L δ( )= ds 1+ K x δnηn s( )n=1∑{ }2
+ δnηn′ s( )n=1∑{ }2

0
L0∫

Path length of off-momentum trajectory:

Momentum compaction factor:

  

L δ( )− L 0( )
L 0( )

≡ α δ( )= δnαn
n=1
∑ ,

α1 = 1
L0

dsKxη1 s( )0
L0∫ ,

α2 = 1
L0

ds K xη2 s( )+ 1
2

η1′
2

s( )
⎡ 

⎣ ⎢ 
⎤ 

⎦ ⎥ 0
L0∫ ,L

Phase slippage factor:
T δ( )− T 0( )

T 0( )
     where T δ( )=

L δ( )
v δ( )

,  v : velocity.
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Dispersion Measurement
• 288 COD BPM @ SPring-8 storage ring

• Measured range: -1400 Hz ~ + 2600 Hz

• RF-frequency is converted to momentum deviation by using 
calculated momentum compaction factor.
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Dispersion of the SPring-8 Storage Ring
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Synchrotron Frequency

fsy = frf δ( )
′ α δ( ) e ˆ V ( )2 −U2 δ( )

2πhEe δ( )
,

where

frf : rf - frequency, ˆ V : amplitude of rf - voltage, U : radiation loss per turn,
h : harmonic number, Ee : electron energy.
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Hamiltonian of Off-momentum Betatron Motion

  

H = 1
2

Ax δ( )px
2 + Bx δ( )xpx + 1

2
Cx δ( )x2 + x → y( ),

where

Ax δ( )=1− δ 1− Kxη1( )+δ2 1− Kxη1 + Kxη2 + 3
2

η1′
2⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ +L≡ δnAx,n

n=0
∑ ,

Bx δ( )= δKxη1′ +δ2 Kxη2′ − Kx
2η1η1′

⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ +L≡ δnBx,n

n=0
∑ ,

Cx δ( )= Kxx2 + g0 +δg1η1 +δ2 g1η2 + 1
2

g2η1
2⎛ 

⎝ 
⎜ 

⎞ 
⎠ 
⎟ +L≡ δnCx,n

n=0
∑ ,

Ay δ( )=1− δ 1− Kxη1( )+δ2 1− Kxη1 + Kxη2 + 1
2

η1′
2⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ +L≡ δnAy,n

n=0
∑ ,

By δ( )= 0,

Cy δ( )= −g0 − δg1η1 − δ2 g1η2 + 1
2

g2η1
2⎛ 

⎝ 
⎜ 

⎞ 
⎠ 
⎟ +L≡ δnCy,n

n=0
∑ .
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Transformation to Hamiltonian of Hill's Equation

z = Az
1/2z ,     pz = Az

−1/2 1
2

Az
−1Az′ − Bz

⎡ 
⎣ ⎢ 

⎤ 
⎦ ⎥ z + Az

−1/2 p z .   (z = x or y)

To investigate betatron motion, we perform the canonical trans-
formation converting Hamiltonian to that of Hill's equation:

Generating function                   of type 2:F2 z, p z , s( )

F2 z, p z , s( )= z 1
2

Az
−1Az′ − Bz

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ z + Az

−1/2 p z
⎡ 
⎣ ⎢ 

⎤ 
⎦ ⎥ .

H = H +
∂F2
∂s

=
1
2

p x
2 +

1
2

Gx δ( )x 2 +
1
2

p y
2 +

1
2

Gy δ( )y 2 ,

where 

Gz δ( )= Az δ( )Cz δ( )+ 1
2

New Hamiltonian (of Hill's equation):

ln Az δ( ){ }′′ − Bz′ δ( )− 1
2

ln Az δ( ){ }′ − Bz δ( )
⎡ 
⎣ ⎢ 

⎤ 
⎦ ⎥ 
2

.
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Expansion of Potentials
Potential Gz(δ) (z=x,y) has the following exansion:

where 

Gz δ( )= δnGz,n
n=0
∑ .

  

Gx,0 = Kx
2 + g0,

Gx,1 = − 1− Kxη1( ) Kx
2 + g0( )+ g1η1 + 1

2 Kxη1( )′′ − Kxη1′
⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ ′,

Gx,2 = 1− Kx η1 − η2( )+ 3
2 η1′

2⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ Kx

2 + g0( )− 1− Kxη1( )g1η1 + g1η2 + 1
2 g2η1

2

          − 1
4 Kxη1( )′

2
+ 1

2 Kxη2 + 3
2 η1′

2
− 1

2 Kx
2η1

2⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
′′

− Kx η2′ − Kxη1η1′
⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ ⎡ 

⎣ ⎢ 
⎤ 
⎦ ⎥ 
′
,

Gy,0 = −g0,   Gy,1 = − 1− Kxη1( )g0 − g1η1 + 1
2 Kxη1( )′′,   L.
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Action-Angle Variables
Unperturbed Hamiltonian:

Hz,0 z, pz , s( )= 1
2

Equation of motion of unperturbed system and the solution:

pz
2 + 1

2
Gz,0z2     ⇒      Hz,0 Jz , s( )=

Jz
βz s( )

.

  z = Jz

Here Jz is the action variable of unperturbed system, φz the angle 
variable, and βz the betatron function.

βz s( )cosφz ,    pz =L

Jz′ = − ∂H0
∂φz

= 0,

φz′ = ∂H0
∂Jz

= 1
βz

.
⇒

Jz = const.,

φz s( )= φz 0( )+ d˜ s 
βz ˜ s ( )0

s∫ .

⇑



26-May-2008 Non-linear Beam Dynamics WS 19

Canonical Perturbation Transformation
Hamiltonian including perturbation potential:

Hz Jz ,φz ,s( )=
Jz

βz s( )
+Vz Jz ,φz ,s( ),

where

Vz Jz ,φz ,s( )= δnVz,n s( )
n=1
∑ = 1

2
Jz δnβz s( )

n=1
∑ Gz,n s( ) 1+ cos2φz( ).

Considering the canonical transformation from unperturbed 
variable ( φz, Jz ) to new action-angle variable             , which is 
derived by the generating function Sz close to identity 
transformation:

φ z ,J z( )

Sz φz ,J z , s( )= φzJ z + δnSz,n φz ,J z , s( )
n=1
∑ ,
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Canonical Perturbation Procedure 1

  

H J ,s( )= H0 J ,s( )+ δnKn J ,s( )
n=1
∑ ,

where Kn is the perturbation Hamiltonian :

K1 = V1 + ∂H0
∂J 

∂S1
∂φ

+ ∂S1
∂s

,

K2 = V2 + ∂V1
∂J 

∂S1
∂φ

+ ∂H0
∂J 

∂S2
∂φ

+ ∂S2
∂s

,

K3 = V3 + ∂V2
∂J 

∂S1
∂φ

+ ∂V1
∂J 

∂S2
∂φ

+ 1
2

∂2V1
∂J ∂J 

∂S1
∂φ

∂S1
∂φ

+ ∂H0
∂J 

∂S3
∂φ

+ ∂S3
∂s

,L,

Kn = Fn V1,L,Vn ,S1,L,Sn−1( )+ ∂H0
∂J 

∂Sn
∂φ

+ ∂Sn
∂s

,L.

New Hamiltonian:
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Canonical Perturbation Procedure 2
The perturbation Hamiltonian Kn naively contains angle variable φ.  
Canonical condition (Kn is a function of action variable J only) determines 
perturbation Hamiltonian Kn and generating function Sn:

  

Kn = Fn V1,L,Vn ,S1,L,Sn−1( ) = 1
2π

dφ∫ Fn V1,L,Vn ,S1,L,Sn−1( ),

∂H0
∂J 

∂Sn
∂φ

+ ∂Sn
∂s

= 1
β

∂Sn
∂φ

+ ∂Sn
∂s

= − Fn{ } V1,L,Vn ,S1,L,Sn−1( ), 

where Fn{ }= Fn - Fn  is oscillating part in φ.

The inhomogeneous term of the deciding equation of n-th order generating 
function Sn consists of lower order generating functions.
The recurrent equation for Sn can  be solved order by order.

The perturbation Hamiltonian Kn also contains only lower generating 
functions, and then can be calculated order by order.
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Canonical Perturbation Procedure 3
e.g. 1-st order

Kz,1 Jz ,s( )= 1
2 J zβz s( )Gz,1 s( ),

Sz,1 φz ,Jz ,s( )= − 1
4sin 2πνz( )

d˜ s βz ˜ s ( )Gz,1 ˜ s ( )sin2 φ + ψ ˜ s ( )− ψ s( )− πν z[ ]s
s+L∫ .

e.g. 2-snd order

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]

( ) ( ) ( ) ( ) ( ) ( )[ ]

.+           

~2sin~~~,,

,~2sin~~~           

,

2,2sin4
1

2,

1,1,2sin8
1

2,2
1

2,

L

∫ −−+−=

∫ −−−

=

+

+

Ls
s zzzzzz

Ls
s zzzzzz

zzzzz

sssGssdsJS

sssGssdsGsJ

sGsJsJK

z

z

πνψψφβφ

πνψψββ

β

πν

πν
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Canonical Perturbation Procedure 4
The equation of motion for angle variable in perturbed system:

Higher order chromaticity is the integration of partial derivative of 
perturbation hamiltonian Kz,n over circumference: 

ξx,1 = 1
4π

d˜ s βx ˜ s ( )Gx,1 ˜ s ( )s
s+L∫

      = −1
4π

d˜ s βx Kx
2 + g0 − g1η1( )+ 2αxKxη1′ − γ xKxη1

⎡ 
⎣ ⎢ 

⎤ 
⎦ ⎥ s

s+L∫ .

φ z′ s( )=
∂H z
∂J z

=
∂Hz0
∂J z

+ δn

n=1
∑

∂Kz,n
∂J z

.

ξz,n = 1
2π

ds∫
∂Kz,n
∂J z

J z ,s( ).

e.g. 1-st order
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Higher Order Formula for Chromaticity
Repetition of the procedure give the higher order formula for chromaticity.

2-nd order:
ξz,2 s( )=

   1
4π

d˜ s βz ˜ s ( )Gz,2 ˜ s ( )s
s+L∫

− 1
4sin 2ν z( )

d˜ s βz ˜ s ( )Gz,1 ˜ s ( ) d˜ ˜ s βz ˜ ˜ s ( )Gz,1 ˜ ˜ s ( )cos2 ψz ˜ ˜ s ( )− ψz ˜ s ( )− πν z[ ]s
˜ s +L∫s

s+L∫

⎛ 

⎝ 

⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ 
,

  

ξz,3 s( )=

   1
4π

d˜ s βz ˜ s ( )Gz,3 ˜ s ( )s
s+L∫

− 1
4sin 2ν z( )

d˜ s βz ˜ s ( )Gz,2 ˜ s ( ) d˜ ˜ s βz ˜ ˜ s ( )Gz,1 ˜ ˜ s ( )cos2 ψz ˜ ˜ s ( )− ψz ˜ s ( )− πν z[ ]s
˜ s +L∫s

s+L∫

+L  triple integral of Gz,1( )

⎛ 

⎝ 

⎜ 
⎜ 
⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ 
⎟ 
⎟ 

,

3-rd order:
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Chromaticity of the SPring-8 Storage Ring 1
• Applying the formula to the SPring-8 storage ring.

– ( νx, νy ) = ( 40.15, 18.35 ), ( ξx, ξy ) = ( 1.8, 5.8 ).

• Integration is carried out by Fourier Transform.

• Division number of element: 100.

• Thickness of sextupole magnet is important for convergence.
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Chromaticity of the SPring-8 Storage Ring 2
• Comparing the calculation with the measurement of the SPring-8 

storage ring.

• Approximation up to 3-rd order is almost sufficient to describe 
experiment data over measurable range.
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Tracking Simulation
• "RACETRACK" based tracking code.

• Symplectic integration.

• Thickness of sextupole magnet is important for 
accuracy.
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Summary
• Canonical perturbation formulation for non-linear 

dispersion and chromaticity was derived.

• Numerical calculation of non-linear chromaticity by 
tracking code was also done.

• Both well agree with experiments.

• Thickness of sextupole magnet is important to 
simulate the non-linear dynamics precisely.
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