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LECTURE 2: “LONELY ATOMS” 

-  Systems of electrons 
-  Spin-orbit interaction and LS coupling 
-  Fine structure 
- Hund’s rules  
-  Magnetic susceptibilities 

Reference books: 

-  Stephen Blundell: “Magnetism in Condensed Matter”, Oxford Master series in Condensed 
Matter Physics.  
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Dirac: ”Nature is not satisfied by a point charge but require a charge with a spin!”  

Theorem:  
The magnitude of total spin s=s1+s2 is s, the 
corresponding wave function ψs(s1z, s2z) is    

- Pauli matrices and Pauli equation 
Two-component wave function which satisfy the 
non-relativistic Schrödinger equation     

-  Magnetic and orbital moment definitions 

-  Magnetic moment precession in a magnetic field 

-  Quantum mechanics and quantum numbers 

-  Core-electron models, Zeeman splitting and inner quantum numbers 

-  Self rotating electron model: the electron spin 

-  Thomas ½ factor and relativistic spin-orbit coupling 
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Quantum Numbers 

Pauli exclusion principle defines the quantum state of a single electron 

n = Principal number: Defines the energy difference between shells 

l = Orbital angular momentum quantum number:  
 range: (0, n-1)   magnitude: √l(l+1) ħ  

ml = component of orbital angular momentum along a fixed axis:  
 range (-l, l) => (2l+1)  magnitude: mlħ 

s = Spin quantum number: defines the spin angular momentum of an electron.  
    magnitude: √s(s+1) ħ = √3 /2 ħ   

ms= component of the spin angular momentum along a fixed axis:  
 range (-1/2, 1/2)   magnitude: msħ=1/2ħ    

j = l ± s = l ± 1/2 = Total angular momentum 

mj= Total angular momentum component about a fixed axis:  
 range (-j,j)    
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Isolated atoms 

We consider “lonely atoms” or equivalently isolated atomic 
magnetic moments, because we ignore the interactions 
between them, magnetic or not magnetic in origin. 

We analyse the coupling of spin and orbital moment in an atom, 
what we call intra-atomic single ion magnetic properties. 

We investigate the behaviour of a large number of atoms when 
an external magnetic field is applied.  

The magnetic susceptibility is then proportional to the number of 
atoms per unit volume N/V. 
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- Electrons in the unfilled shells can combine to give non-zero spin  S 
and orbital L momentum: 

 !L : orbital angular momentum 
 !S : total spin angular momentum 
 !J: Total angular momentum  

The new quantum numbers are :  L, mL, S, mS, J, mJ 
   

-  L and S can combine in different (2L+1)(2S+1) ways, which corresponds 
to the total number of choices of z-components of mL and mS, i.e. the 
total orbital and total spin multiplicities. 

-  These combinations affect the spatial part of electron wavefunctions 

-  The difference in energy between all possible configurations affects the 
electrostatic repulsion between electrons 

System of electrons: unfilled shells 
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Spin-orbit  interaction 

Is a relativistic effect due to the relativistic interaction between the spin S and 
the orbital part L of the electron’s wave functions in an atom. 

The mutual interaction between spin magnetic moment µ and magnetic field 
Bp is generated by the positive charge of the nucleus rotating around the 
electron rest frame: 

where ½ is the relativistic Thomas factor. 

Proton frame Electron frame 

Landé interval rules 

Spin-orbit Hamiltonian 
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LS Coupling: light or heavy atoms 

Light atoms: Russel-Saunders coupling  
The spin-orbit interaction is a weak perturbation with respect the main 
electrostatic interaction between spins and orbital moments (Hso~Z4) 

First the total S and L are combined separately, then the weak spin orbit 
interaction split each term in a fine structure labeled by J. 

Heavy atoms: j-j coupling  
For heavy elements in which the spin-orbit coupling is strong, for each 
electron j the si and li are coupled separately, and then the weaker 
electrostatic interaction couple the individual total magnetic moments ji: 



|L-S| ≤ J ≤ |L+S|.  
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Fine structure I 

In general, L and S are not separately conserved, but J=S+L is conserved. 
(good quantum number). 

If the relativistic effects are taken as small perturbations, L2=L(L+1) and S2=S(S+1) 
are conserved (Russel-Saunders coupling scheme) 

=> 

Expected value of spin-orbit energy 

The states defined by L and S are split in levels with different J:  
    

J=L-S 

S L 
J=L+S 

S 

L 

|L-S|   ≤   J   ≤   |L+S|.  

J 

S 
L 
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Fine structure II 

Zeeman splitting 
In an external magnetic field Hz the different j-states have different energy 
eigenstates Emj (Hz) because and their degeneracy is lifted: 

 Emj (Hz) = ECoulomb + Eso + µ0 gJ µB mJ Hz 

Each J-level could be split by a magnetic field in (2J+1) ml values, with  
-J ≤ mJ ≤ +J  and the energy levels are equidistant, and proportional to the 
applied magnetic field Hz. 
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Fine structure III 

Ex. L=3, S=3/2 

2L+1=7 

2S+1=4 

|L-S| ≤ J ≤ L+S 

2J+1= 7/2x2+1=8 

28=Total number of multiplets 

Degeneracy of each  
J level 

-J≤ mJ ≤J 
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Landé factor g 

The total magnetic moment in one atom is given by 

where the Landé factor gJ is given by: 

Notice that g-factors are gL=1 for J=L and gS=2 
when J=S. 

The z-component of the total magnetic moment mz,j 
is: 

 mz,j = mJ gJ µB 

Where mJ is the magnetic quantum number. 

-1/2 

-3/2 

3/2 

1/2 
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Total angular moment and magnetic moment 

The total angular moment: J=L+S and the total 
magnetic moment µ are not collinear. 

In fact, the total magnetic moment µ of one atom 
is defined as: 

µ = - µB (gL L + gS S) = -µB (L + 2S) = -µB (J + S)  

where the Lande’  g-factors are gL=1 for L and 
gS=2 

Notice that µ precess fast about J and J precess slowly about Hz. 
Thus the time average of the magnetic moment <µ> = m//  is parallel to J 

m// 

J 

S 

L 

Hz S 

J+S=L+2S 

µ 

m// 
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Hund rules - I 

Describe the minimal energy configuration of ground state of electrons  
in the unfilled shells: 

1st rule:  Maximization of total spin S  
  consistent with Pauli’s exclusion principle because prevent the electron 

 with the same spin to be in the same place 
  reduces the Coulomb repulsion between electrons 

2nd rule: Maximization of total orbital angular momentum L 
  filling the electrons in the orbit rotating in the same direction  
  electrons avoid each other the Coulomb repulsion is reduced 

3rd rule: J=|L-S| (minimum) in shells less than half filled 
  J=|L+S| (maximum) in shells more than half filled 
  minimization of spin-orbit energy 
  valid for the rare earths but not for transition metals 
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Hund rules - II 

Classification of shells: Term symbols: 
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Hund rules III 

n=1

n=2

n=3

n=4

Dy3+  (4f9)

6H15/2

L = |+1+0-1-2-3| = 5

S = 7x1/2-2x1/2 = 5/2

J = L+S = 15/2

ml =
4f
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Lantanides 
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Magnetic attraction 
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Magnetization 

The magnetization is defined from the free energy (Helmholtz function) 

In the free space the magnetization vanish: 

Permittivity in vacuum 

In a solid material the magnetic field is given by  

Magnetic induction 
(Magnetic flux density) Magnetic field strength 
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Susceptibility 

Magnetic susceptibility: change in magnetization produced by the change 
of applied field 

For a “linear material”  the magnetization is proportional to the applied 
magnetic field 

Relative permeability 
Molar susceptibility 

Mass susceptibility 
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Mass susceptibility of the first 60 elements 
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Langevin’s diamagnetism 

-  The orbital motion of electrons generate an electromotive 
force that opposes to the applied magnetic field (Lenz’s law). 

-  All materials are weakly diamagnetics, because all paired 
electrons, including the core electrons of an atom will always 
make a weak diamagnetic contribution, but only for those 
with closed shells (non magnetic elements and alkali 
halides) the diamagnetism is appreciable. 

-  The diamagnetic susceptibility is negative and  for a 
system of N ions, each with Z electrons of mass m, is given 
by: 

The diamagnetic susceptibilities are usually largely temperature independent. 
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Diamagnetism and Magnetic levitation 

One of the strange effect of diamagnetism is the “levitation”,  

- Superconductors may be considered to be perfect diamagnets (χv=-1) 
(Meissner effect) 
- All conductors exhibit an effective diamagnetism when they move through 
a magnetic field. The Lorenz force on electrons causes them to circulate 
around forming Eddy currents. The eddy currents then produce an induced 
magnetic field which opposes the applied field, resisting the conductors 
motion."
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Curie paramagnetism - I 

The paramagnetism corresponds to a positive susceptibility and 
the applied magnetic field induces a magnetization which aligns 
parallel to it. 

The magnetic field lines up the magnetic moments µ which are 
the tendency to be randomly distributed at finite temperatures. 

The average magnetic moment along the direction of the 
magnetic field could be evaluated in a semi-classical treatement, 
considering the Boltzmann distribution.   

Curie’s law: 
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Thermal population of energy levels 

Let we consider now a quantum mechanical 
traitement for a simple case of system J=1/2,  
two level system => mJ=±1/2 

The equilibrium populations of these two levels,  
are: 
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Curie paramagnetism - II 

The magnetization is defined as the difference between the equilibrium 
populations of the two occupied levels: 
N+ (for mJ=+1/2) and N - (for mJ=-1/2) 

For small fields the magnetization is linear 

In this case the can deduce the Curie susceptibility: 	
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Thermal average of the magnetization 

The thermal average of the magnetization is proportional to the thermal 
average of the magnetic moments: 

where n=N/V is the number of atoms per volume unit. 

The thermal average of the magnetic moments is expressed in term of the 
partition function Z: 

partition function Z 
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Brillouin function 

In general, for larger J, we have (2J+1) levels (-mJ, …,0,…,+mJ) and the 
magnetization is: 

where BJ(y) is the Brillouin function defined as: 

For small y, i.e. when  |µ| <<kBT 

For J ! ∞  Langevin function  
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Low/high temperature approximations 

Low temperatures 
The magnetization approach the saturation magnetization Ms: 

High temperatures 
The magnetization  follows the Curie’s law 

Effective moment Curie constant 
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Curie’s Law 

For small applied magnetic fields (compared to the high temperatures), 
the paramagnetic susceptibility is: 

Notice that with the Curie constant we can calculate the effective magnetic 
moment peff (or µeff) and then j, which is associated to the valence of chemical 
bond, an important parameter in chemistry! 
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Van Vleck paramagnetism 

If the ground state of one atom is J=0, the paramagnetic susceptibility is 0. 

J=0 occurs for shells which are less than half filled by one electron 
 Ex.: Sm and Eu 

Second order perturbation theory takes into account excited states with J≠0. 

The resulting susceptibility is  

Notice that Van Vleck contribution to the susceptibility is weak, positive and 
temperature independent. 
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Paramagnetism  of conduction electrons 
Conduction elec trons have spin J=S=½  
If we try to caculate the magnetic susceptibility, we have: 

The resulting magnetization is then: 

But this is in contradiction with measurements, because in metals: 
-  χ is independent of T. 
-  The calculed value at 300K is 100 times weaker than that measured 

Pauli spin susceptibility: Valid for a free electron gas model 
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Summary of susceptibilities 

χtot   =   χLangevin      +      χCurie     +    χPauli     +    ( χVan Vleck ) 

Single ion 
No interaction 

T dep. 

Induced 
<0 

T ind. 

Induced 
>0 

T ind. 

Single ion J=0 
>0 

T ind. 

T 

χ 

Pauli paramagnetism 

Curie paramagnetism 

Langevin diamagnetism 


