What isit X-ray reflectivity ?
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116= Re(0z) [®(92)°; where |®(qz)| = F.T. [0p(2)/ 0Z]

In case of roughness o (identical for all interfaces) the formula should be
corrected for Debye Waller factor accounting for the roughness

/1= Re(dz) @ () exp(-q°z 0°)
From specular reflectivity one can derive

= Theelectron density profile p(z) at interface of two media
= Thesurface/interfacesroughness o



Reflectivity calculation

(Parratt version)
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Reflectivity is 1(8)=CRq1(0)[F, where Ry1(8) is calculated from recursive formula
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Rn,n+1:ansznR/En, Fn—l,n:(rln-1'r|n)/(r|n-1+r]n), nn:(Nn2+COSZ(9))1/2’ a=exp(-ikn.dv/2), n=0,1,2,...,M;
k=217\, A- wave length, E, , E,X —amplitudes of transmitted and reflected fields in the layer n, d, —

Rn—l, n-—

thickness of layer n, material index N,=1-8,-ix[3,; n=M for substrate, Ry y+1=0.
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Scattering density profile parameterization.
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Calculation of reflectivity R

Matrix of the structure:
G a 2
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Power of thematrix Y (det Y = 1):
yN = (yllTN—l(X) - TN—Z(X) Yiz Ty —1(X) j
Yor Ty -1(X) Yoo Tno1(X) = Ty, (X) ,

X = (Yu + V¥n) I 2,
T (9 = sn[(N + 1) arccos X] .
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Matrix of alayer:
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P — p(-2b, b, , o), k =1L...N,.

bk + bk+1



Generalized scheme of reflectivity data treatment
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Some techniques of global minimization
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The objective function minimization
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The objective function of fitting ®(p)
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M ethod of successive descent from local minima (@=@ (py))

Guess p;

3

Local minimization
Po=locmin @(p): @(po) < @(p1)

l

Descent from local minimum
P1: @(P1) < @(po)

Modification of the objective

= D(p) - CIJ(If;o)
|p-pof

Descent condition (go away from pg)

((H®(p))(P—Po)) <0

@ 1( 20(p) ]-(p-po)

2| @(p) - d(pg)




Geometric interpretation of the objective function modification.

modified objective function
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Traectory of the probing point

Periodic extention of the domain of interest
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Geometric interpretation of the hypothesis
about equivalence of two parameters

Pj+1

poj +1 ( &

Pi

ellipsis are confidence domain.
Ap° and Ap’., are confidence intervals
line p; = pj+1 1S hypothesis

Hypothesis is accepted when its intersection with the confidence
domain is not empty with certain confidence level.



Statistical analysis

Matrix of equations X and inverse covariance matrix C™
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Significance of parameters. Testing hypothesis
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Criteria of the hypothesi acceptence: Fi<F;(wp).
Fi(Wo) - is quantile of confidence level w, for Fy, .p distribution

Accuracy evaluation. Confidence interval:

Aj(Wo) =[Po; -y Q@ g HC 1) ;. Po; + ¥ Qo g HC Y ]

y- isquantile of confidence level wy for Student’s distribution with (L-P) degrees of freedom



Fisher’scriterion (F-distribution)

How compare two model and made a choice between them ?

If two models p 1 (with rank M) and p , (with rank M) obtained independently on the base of N; and
N, trials, accordingly, then to check up hypothesis about its equality useful to use ratio of residues

_ P wm,(P1)
P m, (P2)

Statistic theory says that H: obeys to, so called, F-distribution with (N;-M,) and (N,-M,) degrees of
freedom. This distribution is known also as Fisher's criterion. F-distribution value for Hg gives
probability that residues Fy1(p1) and Fya(p,) of two model are not equal, and therefore lets make
assumption about models

F-distribution is

HE

In accordance with Fisher’s criterion two model are statistically identical if the value of its
statistics (the residues ratio) is lower than the quantile of the Fyy . distribution. This quantileis
defined by the confidence level wy and number s of model parametersN1 and N2 (N1 < N2).

How verify hypothesis about parameters correlation ?
The ssimplest correlation between parametersis linear correlation.
ApPgt =V

Where A is known matrix nx m (n number of independent parameters) and v is known vector (with
rank n). In case of linear correlation is possible build stetistic as

T{p~-1,T)-1
B RSSA—RSS_(ApOPt - V) (AC A ) (APopt —V)
A— —
n @y (Popt) n @y (Popt)

which also obeysto F-distribution with m and N-M degrees of freedom
RSS, and RSSare X value for model with correlation and with out correlation.



Example of use the program REFLAN

Modeling of scattering by system Si/SiO,/4 x (PS/PBMA)
polystyrene / polybuthylmethacrylate copolymer films spin-coated on Si substrates
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