
 

 

What is it X-ray reflectivity ? 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
I/I0= RF(qZ) |Φ(Φ(Φ(Φ(qZ))))|2 ;  where

 
In case of roughness σσσσ (identical for a
corrected for Debye Waller factor acc
 

I/I0= RF(qZ) |Φ(Φ(Φ(Φ(q
 
From specular reflectivity one can 
! The electron density profile ρρρρ(z)
! The surface/interfaces roughnes
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Reflectivity calculation 
(Parratt version) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Reflectivity is  I(θ)= R0,1(θ) 2,  where R0,1(θ) is calculated from recursive formula 
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Rn,n+1=an

2×En
R/En, Fn-1,n=(ηn-1-ηn)/(ηn-1+ηn), ηn=(Nn

2+cos2(θ))1/2, an=exp(-ikηndn/2), n=0,1,2,...,M; 

k=2π/λ, λ- wave length, En , En
R –amplitudes of transmitted and reflected fields in the layer n, dn – 

thickness of layer n, material index Nn=1-δn-i×βn; n=M for substrate, RM,M+1=0. 
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Scattering density profile parameterization. 
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Calculation of reflectivity R 
structure: 
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Generalized scheme of reflectivity data treatment 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Problem A priori information

Planning of the experiment

Experiment 

Primary data processing 

Minimisation of Φ(p; N)

Statistical analysis 
( )

Structural 
parameters 

Experiment parameters

Experimental 

Data for fitting {I,∆} Structure model {p, N}

The best fit Φ(p0) Correct the 
parameterisation 



 

 

 

Some techniques of global minimization 
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The objective function minimization 

0.00 0.05 0.10 0.15 0.20
10-7

10-6

10-5

10-4

10-3

10-2

10-1

θθθθ

Direct
task

Invers task
Distance

S
L
D

-1.0 -0.5 0.0 0.5 1.0 1.5

0

1

2

3

4

Example of Φ( p)  profi le

Φ(t)

t

Global
minima

Local
minima

 
 

The objective function of fitting Φ(p) 
 

( )

Φ
Γ

∆

∆

Γ
∆

Γ
∆

( )
( ) ( , ( ))

,

,
( )

,

( ) ( , ( ))

( , ( ))
.

exp

exp

exp

p
p

p

p

=
−

⋅
−









= =






















=

⋅

==

= ==

−

=

=

∑∑

∑ ∑∑

∑

∑

B
L P

I Q S I Q

L L B
I Q

S

I Q I Q

I Q

cl c cl

cll

L

c

C

c
c

C
cl

cll

L

c

C

c

cl cl

cll

L

cl

cll

L

c

c

c

c

2

11

1

2

11

1

2
1

2

2
1

 

 
The domain of minization 
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Method of successive descent from local minima (ΦΦΦΦ*=ΦΦΦΦ (p0)) 

 
 
Modification of the objective 
 

 
Descent condition (go away from  p0) 

 
( (∇ Φ1 (p)) •  ( p – p0) ) < 0 ; 
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Guess  p1

 
Local minimization 

 p0 = loc min Φ (p) : Φ (p0) < Φ (p1) 
 

 
Descent from local minimum 

p1 : Φ (p1) < Φ (p0) 
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Geometric interpretation of the objective function modification. 
 
 
 
modified objective function 
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Trajectory of the probing point 
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Periodic extention of the domain of interest  
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Geometric interpretation of the hypothesis 
about equivalence of two parameters 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
ellipsis  are confidence domain. 
∆p0

j and ∆p0
j+1  are confidence intervals 

line pj = pj+1  is hypothesis 
 
 

Hypothesis is accepted when its intersection with the confidence 
domain is not empty with certain confidence level. 
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Statistical analysis 
 
 

Matrix of equations  X  and inverse  covariance  matrix  C-1 
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Significance of parameters. Testing  hypothesis 
 

dj = 0; 
σj = 0; 

Im ρj = 0; 
Re ρj = Re ρj-1; Re ρj = Re ρj-1 

Statistics: 
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Criteria  of  the hypothesi acceptence: Fj<Fj(w0).  

Fj(w0) - is quantile of confidence level w0 for F1,L-P distribution 
 
 
Accuracy evaluation. Confidence interval: 
 
Λ Φ Φj j g jj j g jjw p p( ) [ ( ) , ( ) ]0 0

1
0

1= − ⋅ ⋅ + ⋅ ⋅− −γ γC C  

 
γ - is quantile of confidence level w0  for Student’s distribution with (L-P) degrees  of freedom 
 



 

 

Fisher’s criterion (F-distribution) 
 
 

How compare two model and made a choice between them ? 
 
If two models p 1 (with rank M1) and p 2 (with rank M2) obtained independently on the base of N1 and 
N2 trials, accordingly, then to check up hypothesis about its equality useful to use ratio of residues 
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Statistic theory says that HF  obeys to, so called, F-distribution with (N1-M1) and (N2-M2) degrees of 
freedom. This distribution is known also as Fisher’s criterion. F-distribution value for HF  gives 
probability that residues FM1(p1) and FM2(p2) of two model are not equal, and therefore lets make 
assumption about models 
F-distribution is  
 

 
 
In accordance with Fisher’s criterion two model are statistically identical if the value of its 
statistics (the residues ratio) is lower than the quantile of the FN1,N2 distribution. This quantile is 
defined by the confidence level w0 and numbers of model parameters N1 and N2 (N1 < N2). 
 
 
 

How verify hypothesis about parameters correlation ? 
 
The simplest correlation between parameters is linear correlation. 
 

Apopt = v 
 
Where A is known matrix n x m (n number of independent parameters) and v is known vector (with 
rank n). In case of linear correlation is possible build statistic as 
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which also obeys to F-distribution with m and N-M degrees of freedom 
RSSA and RSS are χ2 value for model with correlation and with out correlation. 
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Example of use the program  REFLAN 
 

Modeling of scattering by system Si/SiO2/4 x (PS/PBMA) 
polystyrene / polybuthylmethacrylate copolymer films spin-coated on Si substrates 

.  

 
Confidence intervals (confidence level w0 = 0.68): 
 
ρ4 = 1.49.10 -6 ± 0.4.10 -6 ,   d4 = 300 ±  15 A. 
ρ3 = 3.43.10 -6 ± 0.3.10 -6 ,   d3 = 900 ±  5 A; 
ρ2 = 8.74.10 -6 ± 2.1.10 -6 ,   d2 = 30 ±  5 A; 
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