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PhasePhase--Attenuation DualityAttenuation Duality
And Phase RetrievalAnd Phase Retrieval

•• Phase contrast imaging theory based on Phase contrast imaging theory based on 
WignerWigner distributions distributions 

• Phase-Attenuation Duality

• Single-image phase retrieval with for 
inhomogeneous soft tissue



Modeling of Phase ImagingModeling of Phase Imaging

•• AnAn object is modeled byobject is modeled by ::
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XX--ray Phase Changeray Phase Change
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PhasePhase--Space Formulation for Phase ImagingSpace Formulation for Phase Imaging

•• Wigner DistributionWigner Distribution

  
W (r r , r u ;z) = J(r r + r q / 2, r r − r q / 2;z)∫ exp(−i2πr q ⋅ r u )dr q 

  J(r 1,r 2 ;z)
r r 

is the Mutual Intensity of Xis the Mutual Intensity of X--ray Waveray Wave

•• PhasePhase--space evolution:  space evolution:  Solve for Louiville Solve for Louiville 
Equation Equation 

  W (r ,u ; R1 + R2 ) = W (r − λR2u ,u ; R1)r r r r r 



PhasePhase--Contrast Theory based on Wigner DistributionContrast Theory based on Wigner Distribution
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••X. Wu and H. Liu, X. Wu and H. Liu, Med. Phys.Med. Phys. 3131 (2004)(2004)



Formula For Intensity of PhaseFormula For Intensity of Phase--Contrast ImageContrast Image

In Cases With In Cases With ππ λλ RR2 2 uu22 // M << 1M << 1→→
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When  When    ̃ µ in λR2
r u M( )OTFdet

r u M( )=1

this theory is reduced to the TIEthis theory is reduced to the TIE--based theories: based theories: 
Paganin&NugentPaganin&Nugent, , PRLPRL, , 8080 (1998)(1998)



Phase RetrievalPhase Retrieval

In general In general at least twoat least two images are neededimages are needed

 Ao
2 r r ( )The Attenuation Image The Attenuation Image 

 I Mr r ; R1 + R2( )The PhaseThe Phase--Contrast Image Contrast Image 



MultipleMultiple--image Approachesimage Approaches

• Multiple exposures acquired 
at multiple distances

• One exposure with dual 
detectors  Wu&Liu, JXST, 
2004.

• Series short exposures of 
single photon-events to get 
energy-resolved images   
Gureyev, Mayo, Wilkins, et al. 
PRL, 86 (2001).



Drawbacks of MultipleDrawbacks of Multiple--image image 
ApproachesApproaches

• Radiation doses 
US FDA Limit on glandular dose to 
breast:
3 mGy for a 4.2 cm breast of 50% 
adipose and 50% glandular tissue

• Motion artifact

• Hard to implement for quantitative 
phase tomography
Bronnikov, JOSA, A19 (2002).



SingleSingle--Image PhaseImage Phase--Retrieval:Retrieval:
SingleSingle--Material ObjectsMaterial Objects

•• For a homogeneous  object  of For a homogeneous  object  of single materialsingle material

  
φ r r ( )∝ ln Ao

2 r r ( )( )∝T r r ( )

PaganinPaganin, Mayo, , Mayo, GureyevGureyev, et al. , et al. J. Micro.J. Micro. 206206 (2002).(2002).
•• Phase map is reduced to the projected Phase map is reduced to the projected 

thickness map   thickness map   



XX--Ray Phase and AttenuationRay Phase and Attenuation

•• Phase and attenuation are closely related 

••In clinical imaging  10 keV < E < 150 keVIn clinical imaging  10 keV < E < 150 keV
Tissue attenuation results from: Tissue attenuation results from: 

••Photoelectric absorptionPhotoelectric absorption
••Incoherent scatteringIncoherent scattering
••Coherent scatteringCoherent scattering



Soft Tissues AttenuationSoft Tissues Attenuation

•• Soft tissue attenuation decreases with xSoft tissue attenuation decreases with x--ray ray 
energy for E > 10 energy for E > 10 keVkeV

•• For XFor X--rays of rays of 60 keV < E < 500 keV60 keV < E < 500 keV
•• XX--ray cross section is approximated by ray cross section is approximated by 

that of incoherent scatteringthat of incoherent scattering

•• With Errors of 10%With Errors of 10%--0.1% depending 0.1% depending 
on E and Zon E and Z





AttenuationAttenuation--Based MammographyBased Mammography

• Currently the most 
effective method for 
early detection of breast 
cancer

• Use “low energy” 
photons of 18-25 keV for 
tissue -lesion contrast

• Yet not sensitive enough



PhasePhase--Attenuation DualityAttenuation Duality

• Dual  relationship : 
Incoherent Scattering 
Function S(q) vs. 
Coherent Scattering 
Form Factor F0(q)  

• Soft tissue’s phase 
and attenuation are 
all determined by  
projected tissue-
electron density 
for 60 keV < E < 500 
keV   
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KleinKlein--NishinaNishina CrossCross--SectionSection
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PhasePhase--Contrast ImagingContrast Imaging
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Phase Retrieval Phase Retrieval 
Based on PhaseBased on Phase--Attenuation DualityAttenuation Duality
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••X. Wu H. Liu and Aimin Yan, X. Wu H. Liu and Aimin Yan, Optics Letters Optics Letters 3030
(2005)(2005)



Partial Coherence EffectsPartial Coherence Effects on Phase Retrievalon Phase Retrieval

•• Reduced Complex Degree of  CoherenceReduced Complex Degree of  Coherence

•• For anode sources : OTF for For anode sources : OTF for 
Geometric unsharpnessGeometric unsharpness

•• For undulator sources:For undulator sources:
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Simulated Image of Projected Electron Density 
for a 4cm-Thick Breast

• Hypothetical 
Breast 

• With very low 
tissue radiographic 
subject contrasts  
0.72% for x-rays of 
60 keV.



 Ao
2 r r ( )Simulated Image : With Added Noise

• Simulated 
attenuation image 
with added random 
noise in 0.5%

• The noise masked 
anatomical details



Simulated Phase Contrast Image: I 
r r , R1 + R2( )

• Simulated phase-
contrast image with 
added random noise 
in 0.5%

• 60-keV X-ray

• R1 = R2 = 1m
9.67 µm pixel size



Reconstructed Phase Image: φ  
r r ( )

• Reconstructed 
quantitative phase-
map for the breast

• Stable Retrieval
• Recover errors

Max 0.46%
Min 2.9 x10-8



Phase Retrieval Phase Retrieval 
Based on PhaseBased on Phase--Attenuation DualityAttenuation Duality

QuickTime™ and a
TIFF (LZW) decompressor

are needed to see this picture.



3-D Phase Tomography: Parallel Beam
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Cone Beam Phase Tomography



ConclusionConclusion

• Phase-Attenuation Duality is an 
important notion for soft tissue phase 
imaging 

• Single-Image phase retrieval based on 
Phase-Attenuation Duality is 
advantageous for applications such as 
clinical soft tissue imaging
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