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Abstract. The x-ray reflectivity of a multilayer is a non-linear function of many parameters
(materials, layer thickness, density, roughness). Non-linear fitting of experimental data with
simulations requires the use of initial values sufficiently close to the optimum value. This is a
difficult task when the topology of the space of the variables is highly structured. We apply
global optimization methods to fit multilayer reflectivity. Genetic algorithms are stochastic
methods based on the model of natural evolution: the improvement of a population along
successive generations. A complete set of initial parameters constitutes an individual. The
population is a collection of individuals. Each generation is built from the parent generation by
applying some operators (selection, crossover, mutation, etc.) on the members of the parent
generation. The pressure of selection drives the population to include "good" individuals. For
large number of generations, the best individuals will approximate the optimum parameters.
Some results on fitting experimental hard x-ray reflectivity data for Ni/C and W/Si multilayers
using genetic algorithms are presented. This method can also be applied to design multilayers
optimized for a target application.

INTRODUCTION

Many problems in physics can be modeled by using a merit function f which
describes the behavior of a system as a function of several parameters α1, α2, …, αn.
The dependence of f on each parameter can be very complicated and, in most cases, no
explicit expression is easily obtained. A common problem is to find the parameters
that produce a desired value of f. However, this result may be impossible or very
difficult to obtain, and usually one looks for solutions close to it. It is convenient to
define a figure of merit (FOM) scalar function, which measures the goodness of a
solution, or, in other words, the distance from a generic solution f to the ideal solution.
The optimization algorithm will look for a minimum (or sometimes a maximum) of
the FOM.

In most practical cases, it is not possible to obtain an analytical expression of the
FOM that can be minimized using analytical gradient techniques. It is therefore
required to compute numerically the FOM. Therefore, the minimum should also be
found numerically. An exhaustive exploration of the space of parameters is many



times unfeasible. Thus, numerical optimization must be applied. Numerical search
techniques to find the minimum of the FOM can be classified in two families: local
optimization techniques and global optimization methods.

Local optimization techniques [1] look for minimum of FOM closest a given initial
point. These methods are useful if: i) the topology of the parameter space is very
simple and does not present multiple minima, or ii) we start the optimization with a
starting set of parameters sufficiently close to the searched minimum. A particular
application of local optimization techniques is the non-linear fitting [2]. Here, the
FOM is usually set as the "least squares distance" between experimental data points
and model points produced by an algebraic equation that depends on free parameters
to be determined. A drawback of local optimization methods is that they are always
"attracted" to find the local minimum close to the starting parameters, and the rest of
the parameters space is completely ignored. To solve that, one should use global
optimization methods. Finding the global minimum is a challenging problem because
of the potential existence of many local minima, the high number of dimensions
(parameters), uncooperative twists and turns in the topology of the parameters space,
and the cost to compute the FOM.

Genetic algorithms (GA) [3,4] are innovative alternative techniques to traditional
optimization methods. They use a model similar to the natural process of biological
evolution to produce good specialized genotypes through the selection, crossover and
mutation operators. They have been applied to fit multilayer reflectivity for neutrons
[5] and x-rays [6], and for optimizing the design of interference multilayer filters [7,8].

MOTIVATION AND USE OF GENETIC ALGORITHMS

The reflectivity of a multilayer is a highly non-linear function of the layer parameters
(thickness t, density ρ, and roughness σ). Therefore, the FOM (built as least-squares in
logarithmic scale between the experimental and modeled reflectivities with data points
weighted equally) is also highly non linear on these parameters. To illustrate it, we
have simulated the reflectivity of a 10 bilayers of Ni (t=45 Å, ρ=8.876 g/cm3) and C
(t=15 Å, ρ= 2.25 g/cm3). We used a fixed RMS roughness value of 5 Å for all the
interfaces. Keeping identical the bilayer composition for all the multilayer stack, we
have mapped the FOM as a function of the thickness parameters for both Ni and C,
maintaining fixed all densities and roughness values. The mapping of the figure of
merit, i.e., FOM(tNi, tC) is shown in Fig. 1. The global minimum is located at (45,15)
by construction (because we used the simulated reflectivity with these parameters as
fake experimental spectrum). If one starts a walk in this space, starting, for example, at
(44,14), any local optimization routine will fail in finding the global minimum. This is
verified by using the MINUIT fitting program from CERN, demonstrating the
difficulty to fit multilayer reflectivities using conventional methods, even in the case
of only two free parameters.



The genetic algorithms work following the following ideas [9]. Suppose we want to
find a solution to a problem. We first encode the problem as an artificial chromosome
or chromosomes. These artificial chromosomes can be strings of 0s and 1s, parameter
lists, or other computer codes, but the important thing to keep in mind is that the
genetic machinery will manipulate a finite representation of the solutions, not the
solutions themselves. Another thing we must have is a mechanism or procedure for
discriminating good solutions from bad solutions. The idea is that something must
determine a solution's relative fitness to purpose, and whatever that is will be used by
the genetic algorithm to guide the evolution of future generations. We performed that
discrimination using our FOM function. We then prepare an initial population of
encoded solutions. This initial population is generally created choosing random values
of the parameters within their boundary limits. Sometimes one has prior knowledge of
possible good solutions, like our a priori initial guess. In such a case, these solutions
can be placed as individuals in the initial population. With a population in place,
selection and genetic operators can process the population iteratively to create a
sequence of populations that hopefully will contain more and more good solutions to
our problem as time goes on. There is much variety in the types of operators that are
used in GAs, but often i) selection, ii) recombination or crossover and, iii) mutation
are used. We have used in our calculations the PGAPack parallel genetic algorithm
library by Levine [10]. We have selected it due to the high level of customization (it
includes most capabilities desired in a genetic algorithm package), its very easy-to-use
interface, its possibility to hybridize, and its efficient FORTRAN binding interface,
very useful when the coding of the FOM, as in our case, is done in FORTRAN.
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FIGURE 1.  Left: the fake experimental data (see text). Dotted line: the starting spectrum (initial guess
for the fit at point (44,14)). Dashed line: the results of the genetic algorithm fit. Center: mapping of
FOM as a function of layer thickness using 10 countours in the FOM interval [0,1]. Right: a large scale
map of the inset, with 10 contours in the FOM interval [0.62,0.64], evidencing a local minimum. The
dotted line is the path that the local optimization fitting program MINUIT performs, starting from the
point (44,14), to find the local minimum found at (42.33,15.72).

SOME FITS USING GENETIC ALGORITHMS

In order to test the reliability of our approach we tried to fit a set of real
experimental data. In particular we studied the reflectivity as a function of the angle of
incidence for a number of multilayer samples deposited onto substrates of different
kind. All the x-ray test were performed at 8 keV photon energy making use of two



different x-ray facilities (the BM5 facility at ESRF and a BEDE Scient. D1 System
diffractometer installed at the Brera Astronomic Observatory, Italy). In both cases the
primary beam was characterized by a high degree of monochromatization (∆E/E~10-4)
and a very low angular divergence ( <12 arcsec). The multilayer reflectivity is
modeled with the standard recursive method [11], Some fitting results obtained using
genetic algorithms include three different Ni/C multilayer samples realized by ion-
bean sputtering at Ce.Te.V. (Center for Vacuum Technology Carsoli, Italy). These
deposition have been done as a part of a project carried out by the Brera Astronomical
Observatory having the aim to set-up a method for the production of  x-ray Wolter I
astronomical optics based on multilayer coating [12]. The results are presented in Fig.
2.

FIGURE 2.  Fits of reflectivity versus incidence angle (in degrees) for a number of samples. The
continuous line is the experiment and the dotted line is the fit. i) Sample with, 9 bilayers Ni/C on SiO2

substrate, Γ~0.45 d~46 Å. Fitting up to 59 parameters. ii) Sample with 19 bilayers Ni/C on Ni substrate,
Γ~0.73 d~64 Å. Fitting up to 122 parameters. iii) Sample with 92 graded bilayers of W/Si on Si
substrate, Γ~0.47 d~30-100 Å. Fitting up to 554 parameters. iv) Sample with 19 bilayers C/Ni on SiO2

substrate. Γ~0.4 d~40 Å. Fitting up to 119 parameters. v) Sample with 19 bilayers C/Ni on SiO2

substrate. Γ~0.65 d~58 Å. Fitting up to 112 parameters. Γ is the ratio between the thickness of the
heavy element layer and the bilayer thickness d.

In conclusion, we show that fitting multilayer reflectivity to a model is a very
difficult task if one wants to use conventional (local) fitting algorithms. We have
applied evolutionary computing (genetic algorithms) to perform this type of fitting
with very promising results. We are now optimizing our method by using
hybridization (coupling genetic algorithms with local optimization techniques) in
order to get better convergence when the algorithm finds a local minimum. We are
currently applying this technique to optimize the design of multilayers for focusing x-
ray telescopes.
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